Superconducting transmon qubits comprise one of the most promising platforms for quantum information processing due to their long coherence times and to their scalability into larger qubit networks. However, their weakly anharmonic spectrum leads to spectral crowding in multiqubit systems, making it challenging to implement fast, high-fidelity gates while avoiding leakage errors. To address this challenge, we use a protocol known as SWIPHT [Phys. Rev. B 91, 161405(R) (2015)], which yields smooth, simple microwave pulses designed to suppress leakage without sacrificing gate speed through spectral selectivity. Here, we determine the parameter regimes in which SWIPHT is effective and demonstrate that in these regimes it systematically produces two-qubit gate fidelities for cavity-coupled transmons in the range 99.6%-99.9% with gate times as fast as 23 ns. Our results are obtained from full numerical simulations that include current experimental levels of relaxation and dephasing. These high fidelities persist over a wide range of system parameters that encompass many current experimental setups and are insensitive to small parameter variations and pulse imperfections.
I. INTRODUCTION
Rapid progress in the coherence and control of superconducting qubits over the past decade has made them a frontrunner in the quest for viable quantum computing platforms.
1-4 High fidelity single-and multi-qubit operations, [5] [6] [7] [8] [9] as well as initial demonstrations of algorithms and error-correcting codes, [10] [11] [12] [13] [14] have been implemented in several multi-qubit devices, and coherence times on the order of several tens of microseconds and above are now achieved regularly. [15] [16] [17] [18] [19] [20] Perhaps the most promising of these are transmon qubits, in which insensitivity to charge noise is achieved by reducing the capacitive energy relative to the Josephson energy through the use of a large shunt capacitor, leading to a flattening of the charge dispersion of the energy levels.
21-23
There are two general approaches to implementing two-qubit gates in superconducting qubits. For tunable qubits such as 2D transmons 21 or Xmons, 23 DC magnetic fields are used to set qubit energies and other circuit parameters. In many systems, such fields are also used to implement gates by temporarily bringing the system to a special parameter regime (e.g., a two-qubit resonance), where it is held idle until different states accumulate the relative phases appropriate for a desired operation.
24-26
The main disadvantage of this approach is the reliance on flux-tunable qubits, which can have reduced coherence times due to flux noise. 27 The second general approach to gate implementation is to drive one or more qubits with modulated AC microwave pulses. This method leads to less noise since the qubit energies are held fixed, and it is the only option for systems with non-tunable qubits. [28] [29] [30] [31] [32] [33] [34] [35] The primary challenge with this approach stems from spectral crowding: a system of several coupled, weakly anharmonic qubits such as transmons possesses a dense energy spectrum with many closely spaced transitions. Faster gates are generally preferred since they allow for faster algorithms. However, faster pulses have broader bandwidth and can thus lead to the unintended excitation of transitions that are nearly degenerate with the target transition(s), causing phase and leakage errors. On the other hand, using spectrally narrower, slower pulses to avoid this problem increases exposure to relaxation and decoherence. To date, there have been several works that address this problem in the context of single-qubit gates by devising pulses that avoid the harmful transitions, either by numerical pulse shaping 36 or by engineering the pulse spectrum to contain sharp holes at the frequencies of the unwanted transitions.
37-41
Recent experiments implementing microwave-driven twoqubit entangling gates in transmon devices have reported gate times and fidelities ranging from 300 − 500 ns and 87 − 97%. 6, 13, 17 While there has been recent progress in designing fast leakage-suppressing two-qubit gates using numerical pulse shaping, 42 there remains a need for fast high-fidelity gates based on simple pulses.
Instead of attempting to avoid harmful unwanted transitions, two of us proposed a new protocol called SWIPHT 43 to achieve fast, high-fidelity two-qubit gates by purposely driving the nearest harmful transition such that the corresponding subspace undergoes trivial cyclic evolution. This minimizes leakage errors and significantly enhances gate fidelities without resorting to slow, spectrally selective pulses. While Ref. 43 demonstrated the efficacy of SWIPHT for a set of typical parameters, a full examination of its regime of validity and its robustness to parameter variations and decoherence and relaxation has yet to be carried out.
In this paper, we fill this gap by providing a detailed investigation of the robustness of the SWIPHT protocol for two-qubit cnot gates. We show that there exist wide fidelity plateaus in the qubit-frequency landscape where the fidelity remains above 99.9%. We also find that with our method, we are able to maintain the cnot fidelity at 99.9% while decreasing the gate time to tens of nano-seconds by exploiting resonances between ground and excited state transitions. We further demonstrate the robustness of these results to decoherence and relaxation, variations in qubit-cavity couplings and qubit frequencies, and pulse deformations using experimentally realistic decay times and parameter uncertainties.
II. ANALYTICAL APPROACH TO GATE DESIGN
We consider two transmons coupled to a superconducting cavity. The Hamiltonian of this system is
(1) Here a † (a), b † 1,2 (b 1,2 ) are creation (annihilation) operators for the cavity and transmons, respectively, ω 1,2 denote the energy splittings between the lowest two states of each transmon, α 1,2 are the anharmonicities, and g 1,2 are the coupling strengths between each transmon and the cavity. Working in the Fock basis {|n, i, j }, where n is the number of cavity photons, and i, j denote the energy levels of transmon 1 and 2, respectively, we diagonalize H 0 to obtain the dressed eigenstates. In the dispersive regime and with g 1, 2 {ω c , ω 1,2 }, each dressed state has a large overlap with one of the bare Fock states; hence, we use n, i, j to denote the dressed states, but with an additional tilde: { |n, i, j }.
We define our computational two-qubit states to be the dressed states { |000 , |001 , |010 , |011 }, which are very close to the bare states, {|000 , |001 , |010 , |011 }, for typical system parameters. The splittings between the bare states |000 , |001 and between |010 , |011 are equal, as are those between |000 , |010 and between |001 , |011 . These degeneracies are slightly broken in the dressed states due to the finite couplings g 1,2 , allowing one to perform two-qubit entangling gates by driving only one transition, e.g., driving the |000 ⇔ |010 transition can implement a cnot gate:
Here, we generalize the standard cnot by including arbitrary phases φ µ ; this generalized cnot is maximally entangling and is locally equivalent to the standard cnot.
In particular, the two are related by single-qubit Z gates, which have recently been experimentally demonstrated for fixed-frequency qubits.
44,45
The cnot gate in Eq. (2) can be implemented by driving only the first transmon with a microwave π-pulse that is resonant with the |000 ⇔ |010 transition. The total Hamiltonian can be written in the bare eigenbasis as where Ω(t) and ω p are the pulse envelope and frequency, respectively. In the dispersive regime, the simplest way to ensure that this transition is the only one excited by the pulse is to use a very narrowband pulse-an approach which necessarily leads to long gate times. To avoid making this sacrifice in gate speed, we instead employ the SWIPHT method 43, 46 to remove the effects of inadvertently driving unwanted transitions without resorting to spectrally narrow, slow pulses. For typical experimental values of the qubit-cavity couplings g 1,2 , there is exactly one nearest "harmful" transition, namely the |001 ⇔ |011 transition, which competes with the target transition, |000 ⇔ |010 . The SWIPHT protocol calls for purposely driving this transition in such a way that the net evolution operator in this subspace is proportional to an identity operation.
In the computational two-qubit subspace spanned by the states |000 , |010 , |001 , |011 (note the unconventional basis ordering), the Hamiltonian of the driven transmon-cavity system is approximately
where E is the energy splitting between |000 and |010 , and E − δ is the splitting between |001 and |011 . We have shifted the overall energy by −E/2− , where +δ/2 is the energy of state |001 . We denote the pulse duration by τ p . We have also neglected the subleading terms in the off-diagonal 2 × 2 blocks (but not in the simulations).
To implement a SWIPHT cnot gate, we set ω p = E and engineer Ω(t) such that the evolution operator generated by H cs coincides with the cnot gate given in Eq. (2) with φ µ = 0. Matching the form of the upper left 2 × 2 subspace requires the area of the pulse to be given by τp 0 dtΩ(t) = π/2, as is consistent with a π-pulse. Engineering the evolution operator in the lower right 2×2 subspace to be an identity operation at time t = τ p is more challenging since it is not possible to analytically solve the Schrödinger equation for an off-resonant pulse with arbitrary envelope Ω(t). We can overcome this difficulty by making use of a partial-reverse engineering formalism introduced in Refs. 47,48. In Ref. 43 , this formalism was used to obtain the pulse shown in Fig. 1 , which implements a cnot gate with fidelity > 99% in 35.4 ns. A brief review of the construction of this pulse is given in Appendix A. The duration of the pulse is given by τ p =5.87/|∆|, where ∆=ω p −(E−δ) is the detuning of the pulse relative to the harmful transition. For ω p =E we have ∆=δ, and thus τ p depends on the system parameters through the dependence on the transition frequency difference δ, which is due to the cavity-mediated coupling. For the parameters considered in Ref. 43 (summarized in the caption of Fig. 1 ), δ = 26.4 MHz.
III. NUMERICAL RESULTS AND ROBUSTNESS
A. Dependence of gate fidelity on qubit frequencies
First, we study the dependence of the cnot fidelity and gate speed on the transmon frequencies. For the moment, we neglect relaxation and dephasing, although these effects will be included below. In this case, we define the gate fidelity as in Ref. 49 , which accounts for leakage outside the computational two-qubit subspace:
where M = U ideal U † , and U is the actual evolution operator, while U ideal is the target gate operation, here taken as the cnot gate defined in Eq. (2) . We solve the time-dependent Schrödinger equation for the evolution operator generated by our analytical SWIPHT pulse keeping three cavity and four transmon states, for a total of 48 states. The number of states was increased until convergence in the results was achieved. For each set of system parameters, we optimize over the phases φ µ . Our numerical results for F gate and τ p are shown in Fig. 2 . The most important features of Fig. 2(a) are the large plateaus where F gate is well above 0.999 (dark red); these occur in regions where ω 1,2 are detuned from the three sharp linear features evident in the figure. The central feature corresponds to the qubit-qubit resonance, ω 1 = ω 2 , while the two "secondary" resonances occur where ω 1 = ω 2 + α 1 or ω 1 = ω 2 − α 2 , corresponding to the |0 ⇔ |1 transition of one qubit becoming degenerate with the |1 ⇔ |2 transition of the other. Near these resonances, additional harmful transitions become important, causing a decrease in fidelity. Further details regarding these resonances can be found in Appendix B. This figure also exhibits an asymmetry between the de- pendencies on ω 1,2 caused by the fact that only transmon 1 is driven. Since the high-fidelity plateau is broader for ω 1 < ω 2 , we see that it is more advantageous to drive the transmon that is further detuned from the cavity. Fig. 2 (b) reveals that there is significant overlap between the high-fidelity plateaus and the parameter regions where the gate times are below 150 ns (blue). The fastest pulses occur near the secondary resonances because these give rise to a larger splitting, δ, between the target and harmful transitions, which in turn reduces the SWIPHT gate time since τ p ∼ 1/|δ|. Further details can be found in Appendix B. Figs. 2(c),(d) show the cnot fidelity and gate time along two one-dimensional slices in qubit-frequency space. Importantly, we see that while the fidelity quickly increases up to above 0.999 as ω 1 is tuned away from a secondary resonance, the gate time increases more slowly. Thus, the best combination of low gate time and high fidelity is achieved when the system lies close to a secondary resonance. From Fig. 2(d) , which shows a slice closer to the cavity frequency, ω c = 7.15 GHz, we in fact see that as ω 1 is reduced, the gate time saturates at around 150 ns while the fidelity continues to improve. Below, we show that the gate time can be further reduced by more than a factor of 6 by adjusting system and pulse parameters appropriately. Fig. 3 shows zoomed-out versions of Figs. 2(a),(b) , where the full extent of the broad high-fidelity plateaus is more evident.
B. Performance under relaxation and dephasing
Next, we evaluate the impact of relaxation and decoherence on our gate by solving the Lindblad equation:
with
The first Lindblad term corresponds to qubit relaxation (time scale T 1 ), while the second corresponds to pure dephasing (time scale T φ ) caused by charge fluctuations. 1/2T 1 + 1/T φ . We have neglected cavity decay in our simulation because its time scale is typically much larger than T 1 and T 2 and because our gate scheme causes minimal cavity excitation. With noise terms included, F gate is no longer a suitable definition of fidelity, and we instead perform quantum state tomography. We prepare 16 input states in total, chosen from the set {|0 , |1 , (|0 + |1 )/ √ 2, (|0 + i |1 ) √ 2} for each qubit. We calculate the average fidelity, defined as F = optimize over φ µ .
We first study the dependence of F on the pulse detuning ∆. Fig. 4 (a) shows this dependence with and without noise, where it is clear that a slight detuning away from the idealized value based on H cs (∆=δ=26.4 MHz) down to ∆=25.5 MHz brings the fidelity up to 0.9991 without noise or up to 0.9963 with noise for typical experimental values of T 1 , T 2 . The figure also shows that this improvement comes with a slight increase in the gate time from 35.4 ns up to 36.6 ns. In Fig. 4(b) , we show the dependence of the fidelity on T φ = 2T 1 = 2T 2 for the optimized pulse with τ p = 36.6 ns, where we find that F ≥ 0.995 for T 2 = T 1 ≥ 7µs. We also examine the performance of our gate for several sets of measured parameter values taken from recent experimental works in Appendix C. In Appendix D, we further show that the optimized local phases φ µ that enter into the generalized cnot gate (Eq. (2)) are not sensitive to experimental uncertainties in parameter values.
C. Asymmetry of coupling strength and anharmonicity
In a real setup, the qubit-cavity coupling strengths g 1 , g 2 may differ. Fig. 5(a) shows that the fidelity remains > 0.995 even when the couplings differ by more than 20%. We also find that further optimization of the gate is possible if the coupling of the undriven transmon (here g 2 ) is tuned to be slightly larger than that of the driven qubit (g 1 ). The figure further shows that the gate time is simultaneously reduced to as low as 23 ns while the fidelity remains above 0.996 even in the presence of relaxation and dephasing (T 1 = T 2 = 20µs).
SWIPHT is similarly robust against anharmonicity differences. So far, we assumed that both qubits share the same value of anharmonicity, α 1 = α 2 , for simplicity. We have rerun the simulations shown in Fig. 3 for α 1 = 350 MHz, α 2 = 300 MHz. The results are essentially unchanged from those shown in Fig. 3 except for a shift in the location of one secondary resonance as follows trivially from the change in α 2 . In Fig 5(b) , we show the SWIPHT cnot gate fidelity versus asymmetry in anhar- monicity between the two transmons. It is clear from the figure that not only is the SWIPHT gate robust against anharmonicity differences, but that such differences can even lead to further improvement in the fidelity.
D. Pulse deformation
Next, we consider the robustness of the results to Gaussian-type pulse deformations of the form
where Ω SWIPHT (t) is the pulse shown in Fig. 1 . The Gaussian pulse, Ω Gaussian , is chosen to have the same area (π/2) and duration (35.4 ns) as the SWIPHT pulse. Explicitly, we use
where A G = 2π * 18.8 MHz, and τ G = 0.15 * 35.4 ns. The resulting pulses for three different values of p are shown in Fig. 6(a) . Fig. 6(b) shows the fidelity as a function of p (with relaxation and dephasing included), where it is evident that the gate performance is essentially unchanged for deformations up to the 10% level, further highlighting the robustness of our gate. In Fig. 6(c) , we show a comparison of the SWIPHT and pure Gaussian pulses; we see that the SWIPHT pulse performs dramatically better for gate times on the order of a few tens of nanoseconds. Pulse deformations can also result from the finite time resolution of a pulse generator. In Fig. 7 , we show the SWIPHT fidelity versus time resolution. The plateau of fidelity that persists up to 4 ns shows that SWIPHT is very robust to these pulse deformations. These findings demonstrate that SWIPHT is effective even with modest pulse-shaping capabilities.
IV. CONCLUSION
In conclusion, we have shown that the SWIPHT method can produce cnot gates in cavity-coupled transmon systems with fidelities well above 99.5% and gate times below 30 ns even when realistic levels of decoherence, relaxation, and parameter uncertainties are taken into account. In general, we find that SWIPHT performs well when the degeneracy between target and harmful transitions is strongly broken, either through strong qubit-cavity couplings, reduced qubit-cavity detunings, or transition resonances. Our work is of immediate use to ongoing experimental efforts to optimize the performance of transmon systems operated with microwave control.
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43
As described in the main text, in order to implement this gate, we must design a pulse that implements a π rotation about x on the target transition and an identity operation on the harmful transition. The former is achieved by making the pulse resonant with the target transition and choosing the pulse area to be τp 0 dtΩ(t) = π/2. Ensuring that the harmful transition undergoes a trivial identity operation is more challenging, and we solve this problem by making use of the formalism introduced in Ref. [48] for analytically solving the time-dependent Schrödinger equation. In this formalism, analytical solutions are obtained by expressing both the evolution operator and the driving field in terms of an auxiliary function χ(t). One imposes constraints on χ(t) that ensure the desired evolution is obtained and then reads off the corresponding driving field that achieves this evolution using the formula Ω(t) =χ 2
where ∆ is the detuning of the pulse relative to the harmful transition. Since the pulse is chosen to be resonant with the target transition, we have ∆ = δ, where δ is the detuning between the target and harmful transitions. In Ref. [43] , it was shown that achieving an identity operation on the harmful transition requires that the following conditions be satisfied:
2 arcsin(2χ(t)/∆). A choice of χ(t) satisfying these conditions was found to be
with A = 138.9, and where the pulse duration is τ p = 5.87/|δ|. The pulse shape that results from plugging Eq. (A2) into Eq. (A1) is shown in Fig. 1 . Fig. 2(a) . : Dressed state energy level diagram for the secondary qubit resonance at which the |0 ⇔ |1 transition of qubit 2 is resonant with the |1 ⇔ |2 transition of qubit 1, which is driven. The degeneracy between the bare states |011 and |020 at this resonance leads to a large mixing of these states when interactions are turned on, creating a large splitting between the dressed states |011 and |020 . This in turn leads to a large detuning between the target and harmful transitions and hence a reduced gate time, which is inversely proportional to the target-harmful detuning under the SWIPHT protocol.
Appendix B: Analysis of secondary resonances
In this appendix, we provide a more detailed analysis of the secondary resonances, near which optimal gate performance can be achieved. We elucidate the origin of the gate speed-up near the secondary qubit resonances that is evident in Fig. 2 . At these resonances, the |0 ⇔ |1 transition of one qubit is resonant with the |1 ⇔ |2 transition of the other (see Fig. 8 ).
For concreteness, we focus on the secondary qubit resonance at which the |0 ⇔ |1 transition of qubit 2 is resonant with the |1 ⇔ |2 transition of qubit 1, which is driven. The degeneracy between the bare states |011 and |020 at this resonance leads to a large mixing of these states when interactions are turned on. This gives rise to a large splitting between the dressed states |011 and |020 , and in particular the state |011 gets pushed to an energy that is higher than what it would be further away from the resonance (see Fig. 9 ). This means that the detuning between the target transition, |000 ⇔ |010 , and the harmful transition, |001 ⇔ |011 , becomes larger. Since in the SWIPHT protocol gate time is inversely proportional to this detuning, the gate time is reduced near this secondary resonance. This is evident in Figs. 2(b-d) .
Appendix C: Numerical simulations using parameters from experimental circuits
We examine the performance for several sets of parameters taken from experimental works and indicate ways to further improve results through minimal parameter adjustments. We have simulated the SWIPHT cnot gate performance using parameters extracted from experimental works, including those of IBM, [15] [16] [17] too far detuned from the qubits to yield feasible gate times within the SWIPHT scheme. In general, SWIPHT works when the degeneracy between the target and harmful transitions is strongly broken, which requires either strong qubit-cavity couplings, reduced qubit-cavity detunings, or tuning qubit parameters to lie near secondary resonances (see Appendix B). Fidelities outside the operational regime of SWIPHT are typically below 90%. Couplings up to 250 MHz are experimentally reasonable since there exist experimental filtering techniques that can enable one to increase the coupling strength without sacrificing T 1 times through Purcell effects. [51] [52] [53] In the column labeled Yale − in Table I , we show the performance without such filtering, where the relaxation time is reduced by a factor of 4 as a consequence of the factor of 2 enhancement in qubit-cavity coupling. We see that the performance is not significantly affected provided the original relaxation time is well above 10 µs. As described in the main text and in Appendix B, we have demonstrated a way to improve the gate quality {F + , τ indicates a threshold of decoherence in order to reach a fidelity of 99.9% for a spe- /2. This threshold T 1 value provides an idea of the noise level needed for a specific transmon system to achieve 0.999 fidelity for a cnot gate based on our scheme. Table I shows that it is possible to obtain fidelities in excess of 0.99 while keeping pulse times below 100 ns in most cases even with realistic noise included. The ideal fidelity values further show that most of the residual gate error is caused by decoherence and relaxation. Table II gives similar results for additional parameter sets. The table further shows that the results are essentially the same when the driving is allowed to act on both qubits.
